We provide an asymptotic expansion of the integral mean of a smooth function over the Heat ball. Namely we generalize to the Heat operator the so-called Pizzetti's Formula, which expresses the integral mean of a smooth function over an Euclidean ball in terms of a power series with respect to the radius of the ball having the iterated of the ordinary Laplace operator as coefficients. Similarly here, we express the heat integral mean as a power series with respect to the radius of the heat ball, whose coefficients are powers of a distorted heat operator. We also discuss sufficient conditions to have a finite sum.
Introduction.
It is well known that if is the Laplacian operator in R n , any function u ∈ C 2 (R n ) can be represented as follows u(x 0 ) = 1 H n−1 (∂B(x 0 , r)) ∂B(x 0 ,r) u(x) dH n−1 − B(x 0 ,r) ( − (r)) u dH n ;
(1)
is the foundamental solution associated with the Laplacian , B(x 0 , r) = {x ∈ R n , |x − x 0 | < r}, and H δ denotes the δ-dimensional Hausdorff measure in R n for all δ 0. We recall that for all x 0 ∈ R n , H n (B(x 0 , r)) = ω n r n and F. Da Lio and L. Rodino arch. math.
H n−1 (∂B(x 0 , r)) = nω n r n−1 with ω n = π n /2 ( n 2 +1) . Here stands for Euler's Gamma function.
The right-hand sides of (1) and (2) are called the surface and the solid integral means of u with repect to the Laplacian.
We mention that the above mean-value formulas have been extended to the hypoelliptic operators which are sums of squares of smooth vector fields, see for example Gaveau [9] , Citti, Garofalo and Lanconelli [2] .
Pizzetti [13] (see also Courant-Hilbert [3, Part IV, Chapter 3, p. 287-288]) expressed the surface integral mean related to the Laplacian in R 3 as a series in r whose coefficients are (times certain dimensional factors) the iterated of the Laplacian itself. Namely given a smooth function u the following formula holds
The proof in [13] is based on iterations of the representation formula (1) and it can be easily extended in R n . The fact that the Euclidean ball is a level surface of the Laplacian fundamental solution plays a key role.
The Pizzetti's formula has been also generalized for arbitrary Riemannian manifolds by Gray and Willmore [10] , and recently to the case of the Kohn Laplacian operator in the Heisenberg group H n by Bonfiglioli [1] .
In this note we are concerned with the Pizzetti-type formula in the case of the Heat operator Hu = −∂ t u + u, in R n+1 . We first recall that mean-value formulas for the solutions of Hu = 0 have a long history (see for instance Pini [12] , Fulks [7], Evans and Gariepy [6] and also Evans [4] ). More precesely, for any given z 0 = (x 0 , t 0 ) ∈ R n+1 , let us consider the function defined for all z = (x, t) ∈ R n+1
and let us set
We observe that (z 0 , r), which is the "Heat ball" with center z 0 = (x 0 , t 0 ) and radius r, is a region in space-time, whose boundary is a level set of (z 0 ; z). Note that the point z 0 is at the center of the top.
If u(x, t) is a solution of Hu = 0 in R n+1 then for all z 0 = (x 0 , t 0 ) ∈ R n+1 and r > 0 we have
